Abstract. The analysis of the evolution in phase space induced by multiple intra-beam scattering (IBS) requires the solution of the Fokker-Planck equation (FPE) or of similar kinetic equations. The FPE is formulated in coordinatemomentum space (6 variables). Using the "semi-Gaussian model" this equation is reduced to the longitudinal FPE that depends on longitudinal momentum and coordinate; drift and diffusion coefficients in this equation are presented as integrals on distribution function with kernels expressed in analytical form. The number of variables in the FPE can be reduced to three by reformulation in the space of invariants. The invariant-vector has the following components: a longitudinal energy (for the longitudinal degree of freedom) and the Courant-Snyder invariants (for the transverse motion). The coefficients of the FPE in invariant space are in the form of integrals over the distribution function and the invariants with the kernel in the form of many-dimensional integrals over the longitudinal variable and over the oscillation phases. The three-dimensional FPE can be solved numerically by application of macro-particle codes using the different methods: 1) Langevin method; 2) binary collision map. The last method is used in the code "MOCAC" (MOnte CArlo Code) for IBS simulation. Examples of code validation and application are discussed.
INTRODUCTION
The general IBS theory is based on the "Landau collision integral" [1] . However usually the effect is separated in two different phenomena: 1) multiple IBS (Coulomb scattering on small angles); 2) single-event IBS (Coulomb scattering on large angles). The last effect is out of a frame of this paper (it can be included without any difficulties in multi-particle codes). The theory of multiple IBS in accelerators has been considered in the classical papers of Piwinski and Martini [2, 3] and Bjorken, Mtingwa [4] .
In both theories the so called "Gaussian model", is used assuming that the distribution function is a Gaussian for all degrees of freedom. The evolution of the rms invariants is described by a system of three coupled differential equations which are solved numerically ( [5] [6] ). The Gaussian model often describes the beam behavior with good accuracy, however sometimes (for example, in presence of beam losses or non-Gaussian tails) we should use the general kinetic theory *This work was performed within the framework of the INTAS-GSI grant "Advanced Beam Dynamics for Storage Rings" Ref. In the first part of this paper it the FPE is derived in 6D phase space in presence of IBS. The direct numerical solution of this equation with 6 variables is complicated due to the fast transverse oscillations of the particles in the focusing system. It is shown that for a "semi-Gaussian model" the problem can be reduced to 2D longitudinal FPE after averaging over transverse variables. In this approximation the drift and diffusion coefficients are integrals over the distribution function with kernels that can be expressed in analytical form.
The number of variables in the FPE can be reduced to three if the distribution function depends on invariants (matched beam). Using the "locality condition", the coefficients of the FPE are presented as integrals over the distribution function with the kernels in form of integrals over the phases and the longitudinal variable.
In the second chapter we describe the MOnteCarlo Code (MOCAC, [7, 8] , which uses the "binary collisions" map [9] for IBS simulations (use of this method automatically provides energy conservation). Besides multiple IBS the code includes also other processes: 1) interaction with the target; 2) electron cooling. It is described the code structure, its validation, comparison with the experiment and some numerical results.
FOCKER-PLANCK EQUATION.
FPE in the phase space.
Let us introduce radius-vector r r with the components (z − z s , x, y) and vector of the particle "dimensionless momentum" r P with the components (
. Here z is the longitudinal particle coordinate, z s is the longitudinal coordinate of the bunch center, x, y are the horizontal and vertical transverse coordinates; p is the particle momentum, ∆p is its deviation from the ideal value, ′
and vertical components of momentum). Let r P = r u for the "test" particle and r P = r w for the field particles. The FPE in phase space then has the following form:
Here we suppose summation over all indices. All coefficients in the FPE and also the distribution function depend on r r , r u,t . The average "friction force" due to multiple IBS is:
, ( β,γ are the relativistic parameters, r i is the classical ion radius), and the Coulomb logarithm 
. Diffusion coefficients are defined by
Here δ i, j is the Kronecker-Kapelli symbol. This 3D equation with 6 variables is practically impossible to solve due to the fast transverse oscillations; therefore one should use reduced models. The transformation to the two-dimensional longitudinal FPE can be made using so named "semi-Gaussian" model; which assumes that
. (4) Here β ⊥ is the transverse β -function, σ is the transverse temperature. In Eq. (5) 
The expressions for the friction force and for the diffusion coefficient have the following form:
The kernels are defined by the following expressions:
where erf (x) is the probability integral. This 1D longitudinal FPE with two variables can be solved, for example, by the Langevin method [10] .
FPE in invariant space.
For linear motion vectors r r and r P can be expressed through the action-angle variables J m ,ψ m , which can be considered as the components of "invariant-vector" r I and "phase vector" ψ . The invariants are defined by the following expression:
For a coasting beam (CB)
where ν s is the synchrotron tune, R is the average ring radius, α is momentum compaction factor.
For the transverse motion % r 2 = x − D x (∆p / p) , r 3 = y ; x, y are correspondingly, the horizontal and vertical coordinates. %
If the distribution of phases is uniform over the interval [ 0,2π ] (matched beam) we can write the FPE in invariant space as follows:
Here all functions depend on r J ,t . The equation is solved with standard initial condition:
The boundary conditions are:
The first boundary condition corresponds to the absorbing wall, the second boundary condition requires zero flux through every point of planes J m =0. The FPE coefficients can be presented in the following form:
Here the kernels K m (
The application of grid based methods for the numerical solution of this 3-D equation are too complicated. In the general case the FPE can be solved by macro-particle models using: 1) the "binary collision" map (BCM) [9] ; 2) Langevin method [10] . However, the Langevin method would be very timeconsuming for IBS related problems. Therefore we use BCM for numerical simulations.
We would like to note that the problem can be reduced to a 1-D longitudinal FPE depending on longitudinal action J s using mentioned above semiGaussian model [11] .
THE MOCAC CODE
In the binary collision method we choose discrete random processes so that the FPE coefficients coincide with the corresponding coefficients for continuous IBS process. Let us suppose that during the interval ∆t two macro-particles have constant velocities and coordinates the (value of this interval should be small compared to the typical IBS time); for the two collision partners we find the "collision angle" using the following expression:
(17) ρ 0 is the particle density. The azimuthal collision angle is chosen in correspondence with a uniform distribution on the interval [0,2π ] . Using these angles we can calculate momentum change for each collision. The method is used in the code MOCAC (MOnte CArlo Code) for IBS simulation in accelerators [7, 8] . Coordinate space is divided into separate cells on a grid; the beam is characterized by a set of macro-particles with given invariants. The following algorithm is applied each time step ∆t : Set of macro-particles ⇒ Random choice of macro-particle phases ⇒ Calculation of momentums and coordinates for macro-particles ⇒ Distribution of macro-particles on the cells ⇒ Collision map in each cell for each particle ⇒ Calculation of the new invariants ⇒ Checking of boundary conditions . If the lattice is non-uniform, it is represented as a set of discrete points corresponding to different points of the lattice. The map is repeated through each time interval in a new point of the lattice period (averaging over the lattice). The code includes the following computational parameters: 1) time step ∆t ; 2) number of macro-particles; 3) number of points over the period N per ; 4) number of cells; 5) maximum collision angle χ max .
For noise suppression we choose a large numbers of macro-particles (10 4 - 10 6 ) and a small time step The code accuracy is investigated for the the simplest case ("smooth" focusing and CB, particle energy is less than critical). In this case the invariant H is a constant of motion [2] :
The simulation results are given in Fig. 1 . The initial conditions are such that the longitudinal temperature is much less than the transverse one. In this case IBS leads to the growth of the r.m.s. momentum spread towards an equilibrium value (Fig.1) . However, for a smaller number of cells (red curve) the momentum spread begins to increase slowly after reaching the equilibrium value. due to "bad quality" of "locality condition". The beam invariant (Fig. 2) oscillates for high number of cells and slowly increases for the smaller number of cells. Besides IBS, the code MOCAC can take into account electron cooling with different options: 1) non-magnetized cooling; 2) magnetized cooling. In presence of electron cooling beam equilibrium is defined by balance between IBS and electron cooling. In Fig. 3 the dependence of the equilibrium r. m. s. momentum spread for ring ESR (GSI, Germany) is plotted using the MOCAC code; the results are compared with measurements. We see from the picture that the experimental results lie between the two simulation options.
The code allows us to make simulations, which can not be done using Gaussian model. As an example, let us consider the ion storage ring TWAC (ITEP, Moscow) with charge exchange injection. The initial particle distribution in the transverse space is a "cutted Maxwellian". The beam parameters are:
+13 Al 27 , T=620 MeV/u, booster frequency=1Hz, N part = 3⋅10 10 , material of the charge-exchange target: Au, with the density 5 ⋅10 −4 g/cm 2 . The simulation results are shown in Fig. 4 . We see from the picture that IBS results in an increase of the momentum spread and in significant beam losses (the influence of the chargeexchange target is small).
RESULTS AND FUTURE PLANS
1. For semi-Gaussian model we derived a twodimensional longitudinal FPE with account of IBS. 2. For a matched beam IBS is described by a three-dimensional integro-differential FPE for the invariant-vector. 3. A multi-particle code MOCAC is developed, which allows us to solve numerically the FPE using the "binary collisions" map. 4. The code is validated concerning its long term stability for the proper choice of numerical parameters. The application to the GSI project (FAIR).
